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BRAID GROUPS IN COMPLEX PROJECTIVE SPACES
BARBU BERCEANU1,2 , SAIMA PARVEEN 2
Abstract. We describe the fundamental groups of ordered and un-
ordered k−point sets in CPn generating a projective subspace of di-
mension i. We apply these to study connectivity of more complicated
configurations of points.
1. INTRODUCTION
Let M be a manifold and Fk(M) be the ordered configuration space of
k distinct points {(x1, . . . , xk) ∈ M
k|xi 6= xj, i 6= j}. There is a proper
right action of Σk, the symmetric group of order k, on Fk(M). The orbit
space Fk(M)/Σk is the unordered configuration space, denoted Ck(M), and
the natural projection Fk(M) −→ Ck(M) is a regular covering. For a simply
connected manifold M of dimension ≥ 3, the pure braid group π1(Fk(M))
is trivial and the braid group π1(Ck(M)) is isomorphic to Σk; as an exam-
ple, π1(Fk(CP
k)) = 1 for k ≥ 2. In low dimensions there are non trivial
pure braids. The pure braid group of the plane, denoted by PBn, has the
presentation [F]
π1(Fn(C)) = PBn ∼=
〈
αij , 1 ≤ i < j ≤ n
∣∣(Y B 3)n, (Y B 4)n〉
where the Yang-Baxter relations (Y B 3)n and (Y B 4)n are, for any 1 ≤ i <
j < k ≤ n,
(Y B 3)n : αijαikαjk = αikαjkαij = αjkαijαik
and, for any 1 ≤ i < j < k < l ≤ n,
(Y B 4)n : [αkl, αij ] = [αil, αjk] = [αjl, α
−1
jk αikαjk] = [αjl, αklαikα
−1
kl ] = 1.
The braid group of the plane, denoted by Bn, has the classical Artin pre-
sentation [A]
π1(Cn(C)) = Bn ∼=
〈
σi, i = 1, . . . , n − 1|(A)n
〉
where the Artin relations (A)n are
(A)n :
{
σiσj = σjσi, ∀ i, j = 1, . . . , n− 1 with |i− j| ≥ 2,
σiσi+1σi = σi+1σiσi+1 for i = 1, . . . , n − 2.
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The pure braid and the braid groups of S2 ≈ CP 1 have the presentations
[B2],[F]
π1(Fk+1(S
2)) ∼=
〈
αij , 1 ≤ i < j ≤ k
∣∣(Y B 3)k, (Y B 4)k,D2k = 1〉
π1(Ck+1(S
2)) ∼=
〈
σi, 1 ≤ i ≤ k
∣∣(A)k+1, σ1σ2 . . . σ2k . . . σ2σ1 = 1〉,
where Dk = α12α13α23 . . . α1k . . . αk−1,k.
The inclusion morphisms PBn → Bn for C and CP
1 are given by (see
[B2])
αij 7→ σj−1σj−2 . . . σi+1σ
2
i σ
−1
i+1 . . . σ
−1
j−1
(due to these inclusions, we can identify the pure braid Dk with ∆
2
k, the
square of Garside braid).
Using the geometrical structure of projective spaces we stratify the config-
uration spaces Fk(CP
n) and Ck(CP
n) with complex submanifolds as follows:
Fk(CP
n) =
n∐
i=1
F i,nk ,
where F i,nk is the ordered configuration space of all k points in CP
n gener-
ating a subspace of dimension i, and
Ck(CP
n) =
n∐
i=1
Ci,nk ,
where Ci,nk is the unordered configuration space of all k points in CP
n gen-
erating a subspace of dimension i. Obviously, Ci,nk
∼= F
i,n
k /Σk.
Theorem 1.1. The spaces F i,nk are simply connected with the following
exceptions
(1) for k ≥ 2,
π1(F
1,1
k+1)
∼=
〈
αij , 1 ≤ i < j ≤ k
∣∣(Y B 3)k, (Y B 4)k,D2k = 1〉;
(2) for k ≥ 3 and n ≥ 2,
π1(F
1,n
k+1)
∼=
〈
αij, 1 ≤ i < j ≤ k
∣∣(Y B 3)k, (Y B 4)k, Dk = 1〉.
In this list of non simply connected spaces, only F1,13 has finite funda-
mental group and this is isomorphic to Z2.
Corollary 1.2. The first homology groups H1(F
i,n
k ) are trivial with the
following exceptions
(1) for k ≥ 2, H1(F
1,1
k+1) = Z
(k2)−1 ⊕ Z2;
(2) for k ≥ 3 and n ≥ 2, H1(F
1,n
k+1) = Z
(k2)−1.
Theorem 1.3. The fundamental group of Ci,nk is isomorphic to Σk with the
following exceptions
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(1) for k ≥ 2,
π1(C
1,1
k+1)
∼=
〈
σ1 . . . σk|(A)k, σ1 . . . σ
2
k . . . σ1 = 1
〉
;
(2) for k ≥ 3 and n ≥ 2,
π1(C
1,n
k+1)
∼=
〈
σ1 . . . σk|(A)k, σ1 . . . σ
2
k . . . σ1 = 1,∆
2
k = 1
〉
,
where ∆k = σ1σ2σ1σ3σ2σ1 . . . σk−1 . . . σ1.
The space Ci,nk has a finite fundamental group only for 2 ≤ i ≤ min(k +
1, n), and in this case π1(C
i,n
k )
∼= Σk, and also π1(C
1,1
3 ) is the dicyclic group
of order 12.
Corollary 1.4. The homology groups H1(C
i,n
k+1) are isomorphic to Z2 with
the following exceptions
(1) for k ≥ 2, H1(C
1,1
k+1) = Z2k ;
(2) for k ≥ 3 and n ≥ 2, H1(C
1,n
k+1) =
{
Zk for k = even,
Z2k for k = odd .
V.L. Moulton studied in [M2] a related problem: braids for m points in
general position in CPn (any subset of n + 1 points spans CPn) and the
analogous affine problem. The only intersection of this paper with [M2] is
the simply connectedness of Fn,nn+1 (Y
n
n+1 in Moulton notations).
Section 2 contains the geometrical part of the paper: local triviality of
some natural fibrations associated to F i,nk and C
i,n
k , and also in this section
we meet the pure braid ∆2k (∆k is the fundamental Garside [G] braid in Bk)
playing the main role in homotopical computations (see Lemma 2.12).
The proofs of Theorems 1.1 and 1.3 and their Corollaries are given in
Section 3.
In the last section we compute the fundamental groups of P, Pappus’
configuration space.
Theorem 1.5. The fundamental group of P is isomorphic to F2 × F2.
(Fn is the free group with n generators).
In the Appendix one can find some words representing ∆n and Dn = ∆
2
n.
2. Local triviality of geometric fibrations
We begin with some simple remarks on the stratification with complex
submanifolds
Fk(CP
n) =
n∐
i=1
F i,nk .
Remark 2.1. (1) F i,nk 6= ∅ if and only if i ≤ min(k + 1, n);
(2) F1,1k = Fk(CP
1), F1,n2 = F2(CP
n);
(3) the adjacency of the strata is given by
F i,nk = F
1,n
k
∐
. . .
∐
F i,nk .
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Grasmannian manifolds are related to the spaces F i,nk through the follow-
ing fibrations:
Proposition 2.2. The projection
γ : F i,nk → Gr
i(CPn)
given by
(x1, . . . , xk) 7→ i− th dimensional space generated by {x1, x2, . . . , xk}
is a locally trivial fibration with fiber F i,ik .
Proof. Take V0 ∈ Gr
i(CPn) and choose L0 ∈ Gr
n−i−1(CPn) such that
L0 ∩ V0 = ∅ and let define UL0 , an open neighborhood of V0, by
UL0 = {V ∈ Gr
i(CPn)|L0 ∩ V = ∅}.
Take k distinct points (x1, . . . , xk) in V0 such that span(x1, . . . , xk) = V0.
For any arbitrary i-plane V in UL0 , define the projective isomorphism
ϕ
V
: V0 → V, ϕV (x) = (x ∨ L0) ∩ V.
The local trivialization is given by the homeomorphism
f : γ−1(UL0)→ UL0 ×Fk(V0)
y = (y1, . . . , yk) 7→
(
γ(y1, . . . , yk), (ϕ
−1
γ(y)
(y1), . . . , ϕ
−1
γ(y)
(yk))
)
(where Fk(V0) ≈ F
i,i
k ), making the diagram commutative
❍❍❍❍❍❥
✲
✟✟✟✟✟✙
γ−1(UL0) UL0 ×F
i,i
k
UL0
γ pr1
f

Corollary 2.3. The complex dimensions of the strata are given bydim(F i,nk ) = dim(F
i,i
k ) + dim(Gr
i(CPn)) = ki+ (i+ 1)(n − i).
Proof. F i,ik is a Zariski open subset in (CP
i)k for k ≥ i+ 1. 
Lemma 2.4. The projection
p : Fk,kk+1 −→ F
k−1,k
k , (x1, . . . , xk+1) 7→ (x1, . . . , xk)
is a locally trivial fibration with fiber CP k \ CP k−1 ≈ Ck.
Proof. Take (x01, . . . , x
0
k+1) ∈ F
k,k
k+1 and fix x
0
k+2 such that any k+1 points of
the set {x01, . . . , x
0
k+1, x
0
k+2} are independent. Define the open neighborhood
U of (x01, . . . , x
0
k) by
U = {(x1, . . . , xk)| the set {x1, . . . , xk, x
0
k+1, x
0
k+2} is in general position}.
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There exists a unique projective isomorphism T(x1,...,xk) : CP
k −→ CP k,
which depends continuously on (x1, . . . , xk), such that
T(x1,...,xk)(x
0
1, . . . , x
0
k, x
0
k+1, x
0
k+2) = (x1, . . . , xk, x
0
k+1, x
0
k+2)
(see [B1]). We can define the homeomorphisms ϕ,ψ by :
p−1(U)
ϕ
−→
←−
ψ
U ×
(
CP k \ span{x01, . . . ,X
0
k}
)
ϕ(x1, . . . , xk, x) = ((x1, . . . , xk), T
−1
(x1,...,xk)
(x))
ψ((x1, . . . , xk), y) = (x1, . . . , xk, T(x1,...,xk)(y))
satisfying pr1 ◦ ϕ = p . 
Remark 2.5. More generally, the projection
p : Fk,nk+1 −→ F
k−1,n
k , (x1, . . . , xk+1) 7→ (x1, . . . , xk)
is a locally trivial fibration with simply connected fiber CPn \ CP k−1.
Proof. The proof is similar to the previous one: take (x01, . . . , x
0
k+1) ∈ F
k,n
k
and fix x0k+2, .., x
0
n+2 such that any n+1 points of the set {x
0
1, .., x
0
k+1, .., x
0
n+2}
are independent. Define the open neighborhood U of (x01, . . . , x
0
k) by
U = {(x1, . . . , xk)| the set {x1, .., xk, x
0
k+1, .., x
0
n+2} is in general position}
and construct the trivialization as in Lemma 2.4. The fiber CPn \ CP k−1
is simply connected because the real codimension of CP k−1 is ≥ 4 (for
k ≤ n− 1) and it is contractible for k = n. 
Let A = (A1, . . . , Ap) be a sequence of subsets of {1, . . . , k} and the
integers d1, . . . , dp given by dj = |Aj | − 1, j = 1, . . . , p. Let us define
FA,nk = {(x1, . . . , xk) ∈ Fk(CP
n)
∣∣ dim < xi >i∈Aj= dj}.
Example 2.6. (1) If A = {A1}, A1 = {1, . . . , k}, then F
A,n
k = F
k−1,n
k .
(2) if all Ai have cardinality |Ai| ≤ 2, then F
A,n
k = Fk(CP
n).
(3) if p ≥ 2 and |Ap| ≤ 2, then F
(A1,...,Ap),n
k = F
(A1,...,Ap−1),n
k .
(4) if p ≥ 2 and Ap ⊆ A1, then F
(A1,...,Ap),n
k = F
(A1,...,Ap−1),n
k .
(5) F i,nk =
⋃{
FA,nk
∣∣A = {A}, A ∈ ({1,...,k}
i+1
)}
.
(6) Y nk =
⋂{
FA,nk
∣∣A = {A}, A ∈ ({1,...,k}
n+1
)}
is the space analyzed by
Moulton in [M2].
Lemma 2.7. For A = {1, . . . , i+ 1} and k > i+ 1 the map
PA : F
{A},i
k → F
i,i
i+1, (x1, . . . , xk) 7→ (x1, . . . , xi+1)
is a locally trivial fibration with fiber Fk−i−1(CP
i \ {x1, . . . , xi+1}).
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Proof. Choose zi+2 ∈ CP
i in general position with the set (x1, . . . , xi+1) and
define the neighborhood U of (x1, . . . , xi+1) ∈ F
i,i
i+1 by U = {(y1, . . . , yi+1) ∈
F i,ii+1| (y1, . . . , yi+1, zi+2) are in general position}. There exists a unique pro-
jective isomorphism Fy : CP
i → CP i, which depends continuously on
y = (y1, . . . , yi+1), such that
Fy(x1, . . . , xi+1, zi+2) = (y1, . . . , yi+1, zi+2)
and this gives a local trivialization
f : P−1A (U)→ U ×Fk−i−1(CP
i \ {x1, . . . , xi+1})
(y1, . . . , yk) 7→
(
(y1, . . . , yi+1), F
−1
y (yi+2, . . . , yk)
)
which satisfies pr1 ◦ f = PA . 
Remark 2.8. If k = i+ 1, then PA is the identity map.
Given A = (A1, . . . , Ap), d = (d1, . . . , dp) as before and an index h ∈
{1, . . . , k}, we define A′ = (A′1, . . . , A
′
p), d = (d
′
1, . . . , d
′
p) by:
A′j =
{
Aj , if h /∈ Aj
Aj \ {h}, if h ∈ Aj
, d′j =
{
dj , if h /∈ Aj
dj − 1, if h ∈ Aj
.
Lemma 2.9. The map
ph : F
A,n
k → F
A′,n
k−1 , (x1, . . . , xk) 7→ (x1, . . . , x̂h, . . . , xk)
has local sections with path-connected fibers.
Proof. Let us suppose that h = k and k ∈ (A1 ∩ . . .∩Al) \ (Al+1 ∪ . . .∪Ap).
Then the fiber of the map prk : F
A,n
k → F
A′,n
k−1 is
pr−1k (x1, . . . , xk−1) ≈ CP
n \
(
L′1 ∪ . . . ∪ L
′
l ∪ {x1, . . . , xk−1}
)
where L′j = span(xi)i∈A′j . Even in the case when dimLj = n, we have
dimL′j < n, hence the fiber is path-connected and nonempty. Fix a base
point x = (x1, . . . , xk−1) ∈ F
A′,n
k−1 and choose xk ∈ CP
n \ (L′1 ∪ . . . ∪ L
′
p ∪
{x1, . . . , xk−1}). There are neighborhoods Wj of L
′
j (j = 1, . . . , l) such that
xk /∈ L
′′
j if L
′′
j ∈Wj; we take a constant local section
s :W = g−1
(
(CPn \ {xk})
k−1 ×
l∏
i=1
Wi
)
→ FA,nk
(y1, . . . , yk−1) 7→ (y1, . . . , yk−1, xk),
where the continuous map g is given by:
g : FA
′,n
k−1 → (CP
n)k−1 ×Grd
′
1(CPn)× . . .×Grd
′
l(CPn)
(y1, . . . , yk−1) 7→ (y1, . . . , yk−1, L
′′
1 , . . . , L
′′
p),
and L′′j = span{yi}i∈A′j for j = 1, . . . , l. 
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Lemma 2.10. Let p : B → C be a continuous map with local sections
such that C is path-connected and p−1(y) are path-connected for all y ∈ C.
Therefore B is path-connected.
Proof. For any b ∈ B there exists a neighborhood W of p(b) and a section
s : W → B such that s(p(b)) = b0. We can join b with any point b
′ in
V = p−1(W ) by a continuous path: b to b0 and b
′ to b′0 = s(p(b
′)) in fibers
and b0 to b
′
0 using a path in C and the section s. For any b1, b2 ∈ B, a
path in C from p(b1) to p(b2) can be covered by finite open sets of the type
described before and next we apply the previous construction. 
Proposition 2.11. The space FA,nk is path-connected.
Proof. Use the previous Lemma and induction on p and d1 + d2 + . . . + dp.
If p = 1, use Lemma 2.7 and the space F i,ii+1 which is path-connected. If Ap
is not included in A1 and dp ≥ 3, delete a point in Ap \A1 and use Lemma
2.9 and 2.10. If Ap ⊂ A1 or dp ≤ 2, use Example 2.6, (3) and (4). 
Lemma 2.12. The homotopy class of the map
γ : S1 −→ Fk+1(CP
1), γ(z) = ([z : 1], [2z : 1], . . . , [kz : 1], [1 : 0])
corresponds to the following pure braid in π1(Fk+1(CP
1)):
[γ] = α12(α13α23) . . . (α1kα2k . . . αk−1,k) = Dk .
Proof. The loop γk+1 in Fk+1(CP
1) given by
z 7−→ ([z : 1], [2z : 1], . . . , [kz : 1], [1 : 0])
fixes the point at ∞ and gives the pure braid in C
t 7−→ (e2piit, 2e2piit, . . . , ke2piit)
By induction we assume that the class [γk] in Fk(CP
1) is given by the
element (σ1 . . . σk−2) . . . (σ1σ2)σ
2
1(σ2σ1) . . . (σk−2 . . . σ1), where the k−points
in CP 1 are 2, 3, . . . , k and ∞. In Fk+1(CP
1) we introduce a new strand
corresponding to the point 1. The image of the j−strand t → [je2piit : 1]
lies on the cylinder |z| = j, t ∈ [0, 1], therefore the image of the strand
corresponding to 1 is interior to all the other cylinders and can be deformed
to a straight line segment, like in the next figure
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In the diagram of the pure braid [γk+1] we can start with k−1 intersections
of first strand with the second,. . ., with the k−th strand, next add the
diagram of [γk] (the first strand corresponding to 1 is in the k−th position,
so the word [γk] is unchanged) and end with the second intersections of the
first strand with the other k − 1 strands. This gives the representation of
[γk+1] = (σ1 . . . σk−1)[γk](σk−1 . . . σ1). Hence
[γk+1] = (σ1σ2..σk−1) . . . (σ1σ2σ3)(σ1σ2)σ
2
1(σ2σ1)(σ3σ2σ1) . . . (σk−1..σ2σ1)
= α12(α13α23) . . . (α1kα2k..αk−1,k) = Dk = ∆
2
k
(see Appendix for the last equalities). 
3. Proofs of Theorem 1.1 and Theorem 1.3
The complex Grassmannian manifolds Grk(CPn) are simply connected
and the second homotopy group is stable (n ≥ k + 1)
Z ∼= π2(CP
1)
∼=
→π2(CP
k+1)
∼=
→π2(Gr
k(CP k+1))
∼=
→π2(Gr
k(CPn)),
so we can choose the map
g : (D2, S1)→ (Grk(CPn), L1)
g(z) = Lz, Lz : (1− |z|)X0 − zX1 = 0,Xk+2 = . . . = Xn = 0
as a generator of π2(Gr
k(CPn)).
Lemma 3.1. For i ≤ min{k, n − 1} we have
π1(F
i,i+1
k+1 )
∼= π1(F
i,n
k+1) .
Proof. The canonical embedding
CP i+1 −→ CPn, [z0 : . . . : zi] 7→ [z0 : . . . : zi : 0 : . . . : 0]
induces the following commutative diagram of fibrations
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❄
✲
❄❄
✲
✲
✲
F i,i+1k+1
F i,nk
Gri(CP i+1)
Gri(CPn)
F i,ik+1
F i,ik+1
and the result is obtained from the commutative diagram of homotopy
groups
❄
✲
❄❄
✲
✲
✲
✲
✲
π1(F
i,i
k+1)
π1(F
i,i
k+1)
π1(F
i,i+1
k+1 )
π1(F
1,n
k+1)
1
1
✲
✲
. . .
. . .
Z
Z
∼= ∼=

The top dimensional strata are simply connected.
Lemma 3.2. For any k we have π1(F
k−1,k
k )
∼= π1(F
k,k
k+1) = 1.
Proof. The proof is by induction on k and uses the fibration of Lemma 2.4
with contractible fiber CP k \CP k−1 and the fibration
Fk−1,k−1k →֒ F
k−1,k
k −→ Gr
k−1(CP k) .
For k = 1, π1(F
0,1
1 ) = π1(CP
1) = 1 and π1(F
1,1
2 ) = π1(F2(CP
1)) = 1. The
later fibration gives π1(F
k−1,k
k ) = 1 and the former gives π1(F
k,k
k+1) = 1. 
The next result covers the simply connectedness cases of Theorem 1.1.
Proposition 3.3. π1(F
i,n
k ) = 1 for i ≥ 2 and k ≥ i+ 1.
Proof. To prove that F i,ik is simply connected we use Seifert-Van Kampen
theorem [H] for the finite open covering F i,ik =
⋃{
FA,ik
∣∣A = {A}, A ∈(
{1,...,k}
i+1
)}
. By Lemma 3.2 we have π1(F
i,i
i+1) = 1 and using fibrations as in
Lemma 2.7 we obtain
π1(Fk−i−1(CP
i \ {i+ 1points}))→ π1(F
{A},i
k )→ π1(F
i,i
i+1) ,
all the pieces of the covering are simply connected: the fiber Fk−i−1(CP
i \
{i + 1points}) is simply connected for i ≥ 2 because CP i \ {i + 1points}
is simply connected (for the special case k = i + 1, F
{A},i
k = F
i,i
i+1). Also,
every intersection F
{A1},i
k ∩ . . .∩F
{Ar},i
k = F
A,i
k (where A = {A1, . . . , Ar}) is
path connected. Using the fibration in the proof of Lemma 3.1, π1(F
i,i
k ) = 1
implies π1(F
i,n
k ) = 1 for n ≥ i ≥ 2. 
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Using the geometrical fibrations introduce in previous section we start the
inductive proof of Theorem 1.1.
3.1. Proof of Theorem 1.1. From Lemma 3.2 Fk,kk+1,F
k,k+1
k+1 are simply
connected spaces, and for k ≥ 1 F1,1k+1 = Fk+1(CP
1), so we have the classical
result (see [F])
π1(F
1,1
k+1) =< αij , 1 ≤ i < j ≤ k
∣∣(Y B3), (Y B4),D2k = 1 > .
Using Proposition 3.3 we have π1(F
i,n
k ) = 1 for n ≥ i ≥ 2, k ≥ i + 1 and
Lemma 3.1 implies π1(F
1,2
k+1)
∼= π1(F
1,n
k+1), (k ≥ 1), so we have to compute
F1,2k+1. Consider the following fibration (see Proposition 2.2)
p : F1,2k+1 → Gr
1(CP 2)
with fiber Fk+1(CP
1). Since π1(Gr
1(CP 2)) = 1 and π2(Gr
1(CP 2)) =
π2(CP
2) ∼= Z, the homotopy exact sequence
. . . −→ π2(F
1,2
k+1) −→ Z
δ∗−→ π1(Fk+1(CP
1)) −→ π1(F
1,2
k+1) −→ 1
gives π1(F
1,2
k+1) = π1
(
Fk+1(CP
1)
)/〈
Imδ∗
〉
.
Let [g] be the generator of π2(Gr
1(CP 2), L1), L1 is the line X1 = 0 ,
g : (D2, S1) −→ (Gr1(CP 2), L1), z 7−→ Lz : (1− |z|)X0 − zX1 = 0 .
We choose the lift g˜
❄
✲
✟✟
✟✟
✟✯
(D2, S1) (Gri(CP 2), L1)
(
F1,2k+1,Fk+1(L1)
)
p
g˜
g
g˜(z) = ([z : 1− |z| : 1], [z : 1− |z| : 12 ], . . . , [z : 1− |z| :
1
k
], [z, 1 − |z|, 0]) and
the image δ∗[g] is given by the restriction γ = g˜
∣∣
S1
: S1 −→ Fk+1(CP
1)
γ(z) = ([z : 1], [z :
1
2
], . . . , [z :
1
k
], [1 : 0]) = ([z : 1], [2z : 1], . . . , [kz : 1], [1 : 0]).
By the Lemma 2.12, [γ] = α12α13α23 . . . α1k . . . αk−1,k = Dk, hence we obtain
π1(F
1,2
k+1) = π1
(
Fk+1(CP
1)
)/〈
Imδ∗
〉
=
〈
αij , i ≤ i < j ≤ k
∣∣(Y B3)k, (Y B4)k,D2k = 1,Dk = 1〉
=
〈
αij , i ≤ i < j ≤ k
∣∣(Y B3)k, (Y B4)k, Dk = 1〉. 
Proof of Corollary1.2. In π1(F
1,1
k+1)ab we have
(
k
2
)
generators
(
aij
)
1≤i<j≤k
and one relation: 2(a12 + a13 + a23 + . . . + ak−1,k) = 0. Changing the last
generator ak−1,k with a = a12+a13+a23+. . .+ak−1,k we obtain a presentation
of Z(
k
2)−1⊕Z2. In the second case ak−1,k can be eliminated. 
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Example 3.4. For k = 2 we have π1(F
1,2
3 ) = 1, π2(F
1,2
3 )
∼= Z; for k = 3,
π1(F
1,2
4 )
∼= F2.
For k = 2, π2(F3(CP
1)) = 1 (see [B2]). Using π2(Gr
1(CP 2)) ∼= Z and
the fibration F3(CP
1)→ F1,23 → Gr
1(CP 2), we have
0 −→ π2(F
1,2
3 ) −→ Z
δ∗−→Z2 −→ π1(F
1,2
3 ) −→ 1 ;
since the image of δ∗ contains D2 = α12 (see Lemma 2.12), δ∗ is surjective
and π1(F
1,2
3 ) = 1 and also π2(F
1,2
3 ) = Z.
For k = 3, π1(F
1,2
4 ) is generated by α12, α13, α23 with defining relations
α12α13α23 = α13α23α12 = α23α12α13 = 1,
therefore any of αij can be discarded: π1(F
1,2
4 )
∼= F(α12, α23) ∼= F(α13, α23) ∼=
F(α12, α13). 
Remark 3.5. For any continuous maps f, g : S2 → S2 without fixed points,
there is an x ∈ S2 such that f(x) = g(x). More generally, for any map
F : S2 → F3(S
2), the three projections prj ◦ F are homotopically trivial.
Proof. The composition π2(S
2)−→
F∗
π2(F3(S
2))−→
pr∗
π2(S
2) is trivial. 
3.2. Proof of Theorem 1.3. First we have π1(C
i,n
k )
∼= Σk for 2 ≤ i ≤
min(k + 1, n) as a consequence of Theorem 1.1 and the regular covering
p : F i,nk −→ C
i,n
k . Next we have
π1(C
1,1
k+1) = π1(Ck+1(CP
1)) ∼= Bk+1/
〈
σ1 . . . σk−1σ
2
kσk−1 . . . σ1 = 1
〉
.
Finally we have to compute π1(C
1,n
k+1) for n, k ≥ 2. The following commuta-
tive diagram of the fibrations and coverings
❄
❄
{∗}
✲
❄
Σk+1
❄❄
❄
Σk+1
✲
✲✲
✲
✲
F1,nk+1
C1,nk+1
Gr1(CPn)
Gr1(CPn)
F1,1k+1
C1,1k+1
induces the commutative diagram of homotopy groups
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11
❄ ❄
❄
Σk+1 Σk+1
❄ ❄
1 1
❄❄
❄
❄
✲
✲ ✲
✲✲δ∗
δ′∗✲
✲
✲
. . .
. . .
π1(F
1,n
k+1)
π1(C
1,n
k+1)
1
1
π1(F
1,1
k+1)
π1(C
1,1
k+1)
Z
Z
∼=
✲
Since Imδ∗ =< Dk >, the left square gives Imδ
′
∗ =< ∆
2
k >, therefore
π1(C
1,n
k+1)
∼= Bk+1
/〈
σ1 . . . σk−1σ
2
kσk−1 . . . σ1, (σ1σ2σ1 . . . σk−1 . . . σ1)
2
〉
. 
Proof of Corollary 1.4. The abelianized group π1(C
1,1
k+1)ab is generated
by
(
si
)
i=1,...,k
and the relations si+1 = si and 2(s1 + . . . + sk) = 0 and this
gives a presentation of Z2k. The group π1(C
1,n
k+1)ab has again one generator s
and the relations 2ks = 0 and k(k − 1)s = 0. The greatest common divisor
of 2k and k(k − 1) is k for k even and 2k for k odd, hence the result. 
4. Pappus’ Configurations
Let us define the space of Pappus’ configurations (in CP 2) by
P =
{
(A1, B1, C1, A2, B2, C2) ∈ F
2,2
6
∣∣(Ai, Bi, Ci) ∈ F1,23 , Ai, Bi, Ci 6= I}
(here I = d1 ∩ d2, where di is the line containing Ai, Bi, Ci, i = 1, 2)
PPPPPPPPPPPPPPPPP
✏✏
✏✏
✏✏
✏✏
✏✏
✏✏
✏✏
✏✏
✏
A1
B1
C1
d1
•
•
•
A2
B2
C2 d2
•
•
•
•
I
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and also the space of Pappus’ configurations with a fixed intersection point
I ∈ CP 2 as
PI =
{
(A1, B1, C1, A2, B2, C2) ∈ P
∣∣d1 ∩ d2 = I}.
In order to find the fundamental group of P and PI we apply the same
method: define two fibrations and use their homotopy exact sequences.
Lemma 4.1. The following projection
Γ : P → CP 2, (A1, B1, C1, A2, B2, C2) 7→ I = d1 ∩ d2
is a locally trivial fibration with fiber PI .
Proof. Choose a line l ⊂ CP 2 \ {I0} and the neighborhood Ul = CP
2 \ l
of I0. For a point I in this neighborhood and a Pappus’ configuration
(A01, B
0
1 , C
0
1 , A
0
2, B
0
2 , C
0
2 ) on two lines d
0
1, d
0
2 containing I
0, construct lines
d1, d2 and the configuration (A1, B1, C1, A2, B2, C2) as follows: consider the
points Di = l ∩ d
0
i and Q = l ∩ II
0 and define di = IDi, Ai = di ∩ QA
0
i
and in the same way Bi, Ci (i = 1, 2). We describe this construction using
coordinates to show that the map
(A01, B
0
1 , C
0
1 , A
0
2, B
0
2 , C
0
2 ) 7→ (A1, B1, C1, A2, B2, C2)
has a continuous extension on the singular locus (d01 ∪ d
0
2) \ l. Choose a
projective frame such that I0 = [0 : 0 : 1], l : X2 = 0. If I = [s : t : 1]
and A0i = [ni : −mi : ai], B
0
i = [ni : −mi : bi], C
0
i = [ni : −mi : ci]
(ai, bi, ci and 0 are distinct and also m1n2 6= m2n1), then we define Ai =
[ni + sai : −mi + tai : ai], Bi = [ni + sbi : −mi + tbi : bi], Ci = [ni + sci :
−mi + tci : ci] (i = 1, 2), and these formulae agree with the geometrical
construction given for nondegenerate positions of I ∈ CP 2 \ (d1 ∪ d2 ∪ l).
The trivialization over Ul is given by
φ : Ul × PI0 → Γ
−1(PI0)
φ(I, (A01, B
0
1 , C
0
1 , A
0
2, B
0
2 , C
0
2 )) = (A1, B1, C1, A2, B2, C2).

Lemma 4.2. The projection
Λ : PI → F2(CP
1), (A1, B1, C1, A2, B2, C2) 7→ (d1, d2)
is a locally trivial fibration with fiber F3(C)×F3(C).
Proof. Choose a point Q in CP 2 \ (d01 ∪ d
0
2) and the neighborhood UQ =
{(d1, d2) ∈ F2(CP
1)
∣∣Q /∈ d1 ∪ d2}. The trivialization over UQ is given by
ψ : UQ ×F3(d
0
1)×F3(d
0
2)→ Λ
−1(UQ)
ψ
(
(d1, d2), (A
0
1, B
0
1 , C
0
1 ), (A
0
2, B
0
2 , C
0
2 )
)
= (A1, B1, C1, A2, B2, C2),
where Ai = di∩QA
0
i and similarly for Bi, Ci (i = 1, 2). Obviously, Ai, Bi, Ci
and I are four distinct points on di. 
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Choose in PI=[0:0:1] the base point p0 = (A
0
1, B
0
1 , C
0
1 , A
0
2, B
0
2 , C
0
2 ) where
A01 = [1 : 0 : 1], B
0
1 = [2 : 0 : 1], C
0
1 = [3 : 0 : 1], A
0
2 = [0 : 1 : 1], B
0
2 = [0 : 2 :
1], C02 = [0 : 3 : 1].
Proposition 4.3. The fundamental group of PI is given by
π1(PI , p0) ∼= PB3 × F2.
Proof. Lemma 4.2 gives the exact sequence
. . .→ π2(F2(CP
1))
δ∗−→ π1(F3(C)×F3(C)) −→ π1(PI) −→ 1,
where the first group is cyclic generated by the homotopy class of the map
λ : (D2, S1)→ F2(CP
1), z 7→
(
[1− |z| : z], [z : |z| − 1]
)
(that means the two lines through I = [0 : 0 : 1] are d1(z) : (1 − |z|)X0 +
zX1 = 0 and d2(z) : zX0 + (|z| − 1)X1 = 0). The second group is generated
by {αij , α
′
ij}1≤i<j≤3 where
  
 
❅
❅
❅
α12
A01 B
0
1 C
0
1
✟✟
✟
✟✟
❍❍
❍
❍❍
α13
A01 B
0
1 C
0
1
  
 
❅
❅
❅
α23
A01 B
0
1 C
0
1
the points moving on the line d01 : X1 = 0, respectively
  
 
❅
❅
❅
α′12
A02 B
0
2 C
0
2
✟✟
✟
✟✟
❍❍
❍
❍❍
α′13
A02 B
0
2 C
0
2
  
 
❅
❅
❅
α′23
A02 B
0
2 C
0
2
the points moving on the line d02 : X0 = 0 and it has the presentation
π1(F3(C)×F3(C)) ∼=
〈
αij, α
′
ij , 1 ≤ i < j ≤ 3
∣∣(Y B3)αij , (Y B3)α′ij , [αij , α′pq] = 1〉.
We choose the lift λ˜ : (D2, S1)→
(
PI ,F3(d
0
1 \ I
0)×F3(d
0
2 \ I
0)
)
,
z 7→
(
[z : |z| − 1 : 1], [z : |z| − 1 : 12 ], [z : |z| − 1 :
1
3 ], [1− |z| : z : 1], [1− |z| :
z : 12 ], [1− |z| : z :
1
3 ]
)
, hence Imδ∗ is generated by the class of the map
λ˜
∣∣
S1
: S1 → F3(d
0
1 \ I
0)×F3(d
0
2 \ I
0), z 7→
(
(z, 2z, 3z), (z, 2z, 3z)
)
,
and this is (D3, (D
′
3)
−1) (see lemma 2.12). The group π1(PI , p0) is gener-
ated by βij , β
′
pq, the images of αij, α
′
pq, with relations (Y B3)βij , (Y B3)β′ij ,
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[βij , β
′
pq] = 1 and β
′
12β
′
13β
′
23 = β12β13β23. β
′
23 can be eliminated and we find
the relations (Y B3)βij , [βij , β
′
pq], and this gives the presentation of the direct
product PB3 × F2. 
Remark 4.4. The generator β12 of π1(PI) is given by the loop
✟✟
✟✟
✟✟
✟✟
✟✟
❅
❅
❅
❅
❅
❅
❅
❅
✟✟
✟✟
✟✟
✟✟
✟✟
❅
❅
❅
❅
❅
❅
❅
❅
I
•
I
•
A02•
A02
•
B02•
B02
•
C02•
C02
•
✁
✁
✁
✁
✁
❍❍❍❍❍
C01
•
C01
•
B01
•
B01
•
A01
•
A01
•
and there are similar pictures for β13, β23, β
′
12, β
′
13.
Proof of Theorem1.5. Lemma 4.1 gives the exact sequence
. . . −→ π2(CP
2)
δ∗−→π1(PI) −→ π1(P) −→ 1,
where the first group is cyclic generated by the homotopy class of the map
γ : (D2, S1)→ (CP 2, [0 : 0 : 1]), z 7→ [0 : 1− |z| : z].
We choose the lift γ˜ : (D2, S1) → (P,PI ), γ˜(z) =
(
[1 : 0 : 1], [2 : |z| − 1 :
2 − z], [3 : 2|z| − 2 : 3 − 2z], [0 : 1 − |z| + z : |z| − 1 + z], [0 : 1 − |z| + 2z :
2|z| − 2 + z], [0 : 1 − |z| + 3z : 3|z| − 3 + z]
)
, hence Imδ∗ is generated
by the class of the map γ˜
∣∣
S1
: S1 → PI , z 7→
(
[1 : 0 : 1], [ 22−z : 0 :
1], [ 33−2z : 0 : 1], [0 : z
2 : 1], [0 : 2z2 : 1], [0 : 3z2 : 1]
)
; the images of the
loops z 7→ 22−z , z 7→
3
3−z are two cirles around the constant loop z 7→ 1
and the first circle is included in the second one. As in Lemma 2.12 we
find δ∗[γ˜] = (β12β13β23)(β
′
12β
′
13β
′
23)
−2 = (β12β13β23)
−1, therefore β23 can be
eliminated and this gives the presentation of the direct product F2×F2 (the
generators are β12, β13 and β
′
12, β
′
13). 
Define the space of Pappus’ configurations (in CPn) by
P(n) =
{
(A1, B1, C1, A2, B2, C2) ∈ F
2,n
6
∣∣(Ai, Bi, Ci) ∈ F1,n3 , Ai, Bi, Ci 6= I}
(here I = d1 ∩ d2, where di is the line containing Ai, Bi, Ci, i = 1, 2).
Theorem 4.5. π1(P
(n)) ∼= π1(P) ∼= F2 × F2.
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Proof. Using the fibration (the proof is like in Proposition 2.2)
P = P(2) −→ P(n) −→ Gr2(CPn)
first we find that π1(P
(3)) ∼= π1(P
(n)) for n ≥ 3 (like in Lemma 3.1) and
secondly, in the fibration P −→ P3 −→ Gr2(CP 3), the boundary morphism
π2(Gr
2(CP 3)) → π1(P) is trivial: take as generator of π2(Gr
2(CP 2)) the
class of µ : (D2, S1) →
(
Gr2(CP 3),H1
)
, z 7→ Hz : (1 − |z|)X0 + zX3 = 0,
and choose the lift µ˜ : (D2, S1)→ (P(3),P), z 7→
(
[z : 0 : 1 : |z| − 1], [2z : 0 :
1 : 2|z| − 2], [3z : 0 : 1 : 3|z| − 3], [0 : 1 : 1 : 0], [0 : 2 : 1 : 0], [0 : 3 : 1 : 0]
)
, and
δ∗[µ˜|S1 ] = β12β13β23 = 1.

5. appendix
In this Appendix we recollect different formulae in braid groups involv-
ing the braids σ1 . . . σk, σk . . . σ1 (consecutive factors) and Garside braid ∆n
and also direct proofs of these relations scattered in the literature ([B2,G,M1]).
Lemma 5.1. (1) (σ1 . . . σk)σi = σi+1(σ1 . . . σk) for i = 1, . . . , k − 1 ;
(2) (σk . . . σ1)σi = σi−1(σk . . . σ1) for i = 2, . . . , k ;
(3) (σk . . . σ1σ1 . . . σk)σj = σj(σk . . . σ1σ1 . . . σk), for j = 1, . . . , k − 1 .
Proof. These equalities are direct consequences of braid relations
σiσj = σjσi, ∀ i, j = 1, . . . , n− 1 with |i− j| ≥ 2
σiσi+1σi = σi+1σiσi+1 for i = 1, . . . , n− 2.

In the next Lemma there are given some symmetric words in the diagram
of Garside braid ∆n; the first one is the smallest in the length-lexicographic
order, the last one is the greatest.
Lemma 5.2. We have the following representations of the fundamental
braid ∆n
∆n = σ1(σ2σ1) . . . (σn−1 . . . σ1)
= (σ1 . . . σn−1) . . . (σ1σ2)σ1
= (σn−1σn−2 . . . σ1)(σn−1σn−2 . . . σ2) . . . (σn−1σn−2)σn−1
= σn−1(σn−2σn−1)(σn−3σn−2σn−1) . . . (σ1 . . . σn−1).
Proof. Let us denote ∆′n,∆
′′
n and ∆
′′′
n the second, the third and the fourth
word respectively. We will prove by induction ∆′n = ∆
′′′
n , ∆
′′
n = ∆n, ∆
′′′
n =
∆n. We will denote the shift of a word ω by Σω (for example, if ω =
x1x2x4x3, Σω = x2x3x5x4).
For n = 3, ∆3 = ∆
′
3 = σ1σ2σ1 = σ2σ1σ2 = ∆
′′′
3 = ∆
′′
3. Suppose that
for k < n, we have ∆k = ∆
′
k = ∆
′′
k = ∆
′′′
k . Applying Lemma (5.1,(a)) on
(σ1 . . . σn−n) . . . (σ1σ2)σ1 we get
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∆′n = (σ1 . . . σn−1) . . . (σ1σ2)σ1
= (σ2 . . . σn−1) . . . (σ2σ3)σ2(σ1 . . . σn−1)
= (Σ∆′n−1)(σ1 . . . σn−1)
= (Σ∆′′′n−1)(σ1 . . . σn−1) = ∆
′′′
n .
Applying Lemma (5.1,(b)) on (σn−1σn−2 . . . σ2) . . . (σn−1σn−2)σn−1 we get
∆′′n = (σn−1σn−2 . . . σ1)(σn−1σn−2 . . . σ2) . . . (σn−1σn−2)σn−1
= (σn−2 . . . σ1) . . . (σn−2σn−3)σn−2(σn−1 . . . σ1)
= ∆′′n−1(σn−1 . . . σ1) = ∆n−1(σn−1 . . . σ1) = ∆n.
Finally, use the symmetry given by conjugation with ∆n (∆nσi = σn−i∆n):
∆n = ∆nσ1(σ1σ2) . . . (σn−1 . . . σ1)∆
−1
n = ∆
′′′
n . 
Now we give some formulae for ∆2n using braid generators σi (the first
one gives the smallest word ) and also pure braid generators αij (the last
one is the smallest in the length lexicographic order given by α12 < α13 <
. . . < αn−1,n).
Lemma 5.3. We have the following representations of ∆2n
∆2n = σ
2
1(σ2σ
2
1σ2) . . . (σn−1σn−2 . . . σ2σ
2
1σ2 . . . σn−2σn−1)
= (σn−1 . . . σ2σ
2
1σ2 . . . σn−1) . . . (σ3σ2σ
2
1σ2σ3)(σ2σ
2
1σ2)σ
2
1
= (σ1σ2 . . . σn−1) . . . (σ1σ2σ3)(σ1σ2)σ
2
1(σ2σ1)(σ3σ2σ1) . . . (σn−1 . . . σ2σ1)
= (σ1 . . . σn−1)
n = (σn−1 . . . σ1)
n
= (α1nα2n . . . αn−1,n)(α1n−1 . . . αn−2,n−1) . . . (α13α23)α12
= α12(α13α23) . . . (α1nα2n . . . αn−1,n).
Proof. Let An, Bn, Cn,Dn,D
′
n, En, Fn be the above seven words respectively.
An = σ
2
1(σ2σ
2
1σ2) . . . (σn−1σn−2 . . . σ2σ
2
1σ2 . . . σn−2σn−1)
= ∆2n−1(σn−1 . . . σ2σ1)(σ1 . . . σn−1)
= ∆n−1(∆n)(σ1 . . . σn−1) = ∆n−1(σn−1 . . . σ1)∆n = ∆
2
n
Bn = (σn−1 . . . σ2σ
2
1σ2 . . . σn−1) . . . (σ3σ2σ
2
1σ2σ3)(σ2σ
2
1σ2)σ
2
1
= (σn−1 . . . σ2σ1)(σ1 . . . σn−1)∆
2
n−1
= (σn−1 . . . σ2σ1)(σ1 . . . σn−1)∆
′
n−1∆
′
n−1
= (σn−1 . . . σ2σ1)∆
′
n∆
′
n−1 = ∆n(σ1 . . . σn−1)∆
′
n−1 = ∆
2
n
and
Cn = ∆
′
n.∆n = ∆
2
n.
In the product of n brackets of Dn we move σn−1 from the first bracket n−2
times (just before the last bracket) and this becomes σ1, then we continue
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this process with σn−1 of the second bracket and so on; we obtain
Dn = (σ1σ2 . . . σn−1)
n
= (σ1 . . . σn−2)(σ1 . . . σn−1) . . . (σ1 . . . σn−1)σ1(σ1 . . . σn−1)
= (σ1 . . . σn−2)(σ1 . . . σn−2) . . . (σ1 . . . σn−1)σ2σ1(σ1 . . . σn−1) = . . .
= (σ1 . . . σn−2)(σ1 . . . σn−2) . . . (σ1 . . . σn−2)(σn−1 . . . σ1)(σ1 . . . σn−2)
= Dn−1(σn−1 . . . σ1)(σ1 . . . σn−2)
= An−1(σn−1 . . . σ1)(σ1 . . . σn−2) = An.
D′n = ∆nDn∆
−1
n = Dn.
Using αij = σj−1σj−2 . . . σi+1σ
2
i σ
−1
i+1 . . . σ
−1
j−1, we obtain after cancelation
α1nα2n . . . αn−1,n = (σn−1σn−2 . . . σ1)(σ1σ2 . . . σn−1)
and
En = (α1nα2n . . . αn−1,n)(α1n−1 . . . αn−2,n−1) . . . (α13α23)α12
= (σn−1σn−2..σ1)(σ1..σn−1)(σn−2..σ1)(σ1..σn−2) . . . (σ2σ1)(σ1σ2)σ
2
1
= Bn,
and
Fn = Fn−1(α1n . . . αn−1,n) = Bn−1(σn−1σn−2 . . . σ1)(σ1σ2 . . . σn−1) = Bn . 
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